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Abstract
In 1979 Sam B. Nadler Jr, defined the Hyperspace Suspension of a continuum. We study a natural
generalization of such hyperspace using n-fold hyperspaces.
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1. Introduction
In 1979 Sam B. Nadler Jr, introduced the Hyperspace Suspension of a continuum [20].
The purpose of this paper is to present a study of a natural generalization of such
hyperspace using n-fold hyperspaces. The paper is divided into seven sections. In
Section 2, we give the basic definitions necessary for understanding the paper. In Section 3,
we present some of the general properties of the n-fold hyperspace suspension of a
continuum. In Section 4, we show that the n-fold hyperspace suspension of a continuum is
finitely aposyndetic. In Section 5, we present results of the n-fold hyperspace suspension
of a locally connected continuum. In Section 6, we consider indecomposable continua X
and show that if we remove two specific points from the n-fold hyperspace suspension
of X it becomes arcwise disconnected and vice versa. We study the arc components
of the n-fold hyperspace suspension of X minus those two points. In Section 7, we
show that the n-fold hyperspace suspension of a continuum X is not homeomorphic to
the topological suspension of X for any integer n  2. We give some properties of an
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indecomposable continuumX such that its n-fold hyperspace suspension is homeomorphic
to the topological suspension of a continuum Z.
The proofs of some results are similar to proofs given in the literature, we give the
appropriate reference and include such proofs for completeness and the convenience of the
reader.
2. Definitions
If (Z,d) is a metric space, then given A ⊂ Z and ε > 0, the open ball about A of
radius ε is denoted by Vdε (A), the interior of A is denoted by IntZ(A), and the closure of
A is denoted by Cl(A). A map means a continuous function.
The symbol R denotes the set of real numbers.
A continuum is a nonempty compact, connected metric space. A subcontinuum is a
continuum contained in a space Z. A continuum is said to be decomposable provided
that it can be written as the union of two of its proper subcontinua. A continuum is
indecomposable if it is not decomposable. A continuum is hereditarily indecomposable
if each of its subcontinua is indecomposable. A continuum X is said to have property (b)
provided that any map from X into the unit circle S1 is homotopic to a constant map.
A continuum X is uniformly pathwise connected provided that it is the continuous image
of the cone over the Cantor set [12, 3.5].
An arc is any space homeomorphic to [0,1]. The end points of an arc α are the
image of 0 and 1 under any homeomorphism from [0,1] onto α. An n-cell is any space
homeomorphic to [0,1]n.
Given a continuum X and a positive integer n, Cn(X) denotes the n-fold hyperspace
of X; that is:
Cn(X)= {A⊂X |A is nonempty, closed and has at most n components}
topologized with the Hausdorff metric defined as follows:
H(A,B)= inf{ε > 0 |A⊂ Vε(B) and B ⊂ Vε(A)},
H always denotes the Hausdorff metric.
The symbol Fn(X) denotes the n-fold symmetric product of X; that is:
Fn(X)= {A⊂X |A has at most n points}.
Note that Fn(X)⊂ Cn(X). It is known that Cn(X) is an arcwise connected continuum (for
n= 1 see [19, (1.12)], for n 2 see [15, 3.1]). On the other hand, Cn(X) can be topologized
with the Vietoris Topology, defined as follows: given a finite collection, U1,U2, . . . ,Um,
of open sets of X, we define
〈U1, . . . ,Um〉 =
{
A ∈ Cn(X) |A⊂
m⋃
k=1
Uk and A∩Uk = ∅
for each k ∈ {1, . . . ,m}
}
.
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It is known that the family of all subsets of Cn(X) of the form 〈U1, . . . ,Um〉, as defined
above, form a basis for a topology for Cn(X) (see [19, (0.11)]) called Vietoris Topology,
and that the Vietoris Topology and the Topology induced by the Hausdorff metric coincide
[19, (0.13)].
A continuum X has the property of Kelley provided that for each ε > 0, there exists
δ > 0 such that if p and q are two points of X such that d(p,q) < δ and if A is a
subcontinuum of X such that p ∈ A, then there exists a subcontinuum B of X such that
q ∈B and H(A,B) < ε.
An order arc in Cn(X) is an arc α : [0,1] → Cn(X) such that if 0  s < t  1 then
α(s)⊂ α(t) and α(s) = α(t).
By the n-fold hyperspace suspension of a continuum X, denoted by HSn(X), we mean
the quotient space:
HSn(X)= Cn(X)/Fn(X)
with the quotient topology. The fact that HSn(X) is a continuum follows from [21, 3.10].
Notice that HS1(X) corresponds to the hyperspace suspension HS(X) defined by Nadler
in [20].
Notation 2.1. Given a continuum X, qnX :Cn(X) → HSn(X) denotes the quotient map.
Also, qnX(Fn(X))= {FnX}.
A free arc in a continuum X is an arc β in X such that β \ {end points} is open in X.
A Hilbert cube is any space homeomorphic toQ=∏∞n=1[0,1]n with the product topology,
where [0,1]n = [0,1] for each positive integer n.
Other definitions are given as required.
3. General properties
We begin with a proposition which follows directly from the existence of order arcs in
the n-fold hyperspace of a continuum.
Proposition 3.1. Let X be a continuum. Then, any neighborhood of FnX in HSn(X) contains
simple closed curves passing through FnX .
Corollary 3.2. Let X be a continuum. Then, HSn(X) is locally connected at FnX of X for
any positive integer n.
Theorem 3.3. If X is a continuum, then HSn(X) is uniformly pathwise connected for any
positive integer n.
Proof. It is known that for each positive integer n, Cn(X) is a continuous image of the
Cantor fan (for n= 1 see [11, 2.7], for n 2 see [11, Remark, p. 29]). Hence, HSn(X) is a
continuous image of the Cantor fan. Therefore, HSn(X) is uniformly pathwise connected
[12, 3.5]. ✷
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Theorem 3.4. Let n be a positive integer. If X is an indecomposable continuum having
the property of Kelley, then qnX(X) and FnX are the only points at which HSn(X) is locally
connected.
Proof. By Corollary 3.2, HSn(X) is locally connected at FnX . By [16, 3.7], X is the only
point at which Cn(X) is locally connected. Hence, qnX(X) and FnX are the only points at
which HSn(X) is locally connected. ✷
Corollary 3.5. Let n be a positive integer. IfX is a hereditarily indecomposable continuum,
then qnX(X) and F
n
X are the only points at which HSn(X) is locally connected.
Proof. Since hereditarily indecomposable continua have the property of Kelley [19,
(16.27)], the result follows from Theorem 3.4. ✷
Theorem 3.6 [7, 3.5]. Let X be a finite-dimensional continuum. Then, dim(Cn(X)) <∞ if
and only if dim(HSn(X)) <∞. Moreover, if either dim(Cn(X)) <∞ or dim(HSn(X)) <
∞ then dim(Cn(X))= dim(HSn(X)).
Proof. Suppose dim(Cn(X)) <∞. Since Cn(X) \ Fn(X) is homeomorphic to HSn(X) \
{FnX} and dim(HSn(X) \ {FnX}) = dim(HSn(X)) [22, 7.4], we have that dim(Cn(X) \
Fn(X)) = dim(HSn(X)). Note that Cn(X) = (Cn(X)Fn(X)) ∪ Fn(X). Since Fn(X) is
nowhere dense in Cn(X), dim(Cn(X)) = dim(Cn(X) \ Fn(X)). Therefore, dim(Cn(X)) =
dim(HSn(X)).
Now, suppose dim(HSn(X)) <∞. Since dim(HSn(X))= dim(HSn(X)\{FnX}) [22, 7.4]
and HSn(X) \ {FnX} is homeomorphic to Cn(X) \ Fn(X), we obtain that dim(HSn(X)) =
dim(Cn(X) \ Fn(X)). Suppose dim(Cn(X)) = ∞. Since Cn(X) = (Cn(X) \ Fn(X)) ∪
Fn(X) and dim(Fn(X)) n ·dim(X) [5, Lemma 3.1], we have that dim(Cn(X)\Fn(X))=
∞, a contradiction. Hence, dim(Cn(X)) <∞. Since Fn(X) is nowhere dense in Cn(X),
dim(Cn(X))= dim(Cn(X) \Fn(X)). Therefore, dim(HSn(X))= dim(Cn(X)). ✷
Theorem 3.7. Let X be a continuum and let n be a positive integers. Then, HSn(X)
contains an n-cell.
Proof. By [15, 3.4], Cn(X) contains an n-cell. It is easy to see that Cn(X) \ Fn(X) also
contains an n-cell. Hence, HSn(X) contains an n-cell. ✷
Theorem 3.8. LetX be a continuum and let n be a positive integer. IfX contains n pairwise
disjoint decomposable subcontinua, then HSn(X) contains a 2n-cell.
Proof. By [15, 3.5], Cn(X) contains a 2n-cell. It is easy to see that Cn(X) \ Fn(X) also
contains a 2n-cell. Hence, HSn(X) contains an 2n-cell. ✷
A finite-dimensional continuum X is a Cantor manifold if for any subset A of X such
that dim(A) dim(X)− 2, then X \A is connected.
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Theorem 3.9. Let n be a positive integer and let X be a continuum. If Cn(X) is a finite-
dimensional Cantor manifold such that dim(Cn(X))  n + 2, then HSn(X) is a finite-
dimensional Cantor manifold.
Proof. Let k = dim(HSn(X)). Suppose HSn(X) is not a Cantor manifold. Then, there
exists a subset A of HSn(X) such that dim(A) k − 2 and HSn(X) \A is not connected.
We assume, without loss of generality, thatA is closed in HSn(X) [23, (1.4), p. 43]. Hence,
there exist two disjoint open sets D and E of HSn(X) such that HSn(X) \ A = D ∪ E .
Then, Cn(X) \ (qnX)−1(A) = (qnX)−1(D) ∪ (qnX)−1(E), where (qnX)−1(D) and (qnX)−1(E)
are two disjoint open sets in Cn(X). To obtain a contradiction to the fact that Cn(X) is
a Cantor manifold, we need to show that dim((qnX)
−1(A))  k − 2 (since dim(Cn(X)) =
dim(HSn(X))= k (Theorem 3.6)).
If FnX /∈A, then (qnX)−1(A) is homeomorphic to A. Hence, dim((qnX)−1(A)) k − 2.
Now, observe that, since C(X) ⊂ Cn(X) and dim(Cn(X)) = dim(HSn(X)) < ∞
(Theorem 3.6), by the dimension theorem, dim(X) = 1 [14, Theorem 2.1]. Hence, we
have that dim(Fn(X)) n [5, Lemma 3.1].
SupposeFnX ∈A. Then, (qnX)−1(A)= (qnX)−1(A\{FnX})∪(qnX)−1({FnX})= (qnX)−1(A\
{FnX})∪Fn(X). Since dim(Fn(X)) n k− 2 and dim((qnX)−1(A \ {FnX})) dim(A)
k − 2, we have that dim((qnX)−1(A)) k − 2 [22, 7.3]. ✷
Corollary 3.10. HSn([0,1]) and HSn(S1) are 2n-dimensional Cantor manifolds for each
positive integer n.
Proof. We show this corollary considering two cases.
If n = 1, it is easy to see that HS1([0,1]) is a 2-cell and HS1(S1) is a 2-sphere. It is
known that a 2-cell and a 2-sphere are Cantor manifolds (for the 2-cell see [22, 10.6] and
for the 2-sphere see [22, 10.8]).
Now, suppose n  2. It is known that Cn([0,1]) and Cn(S1) are 2n-dimensional
Cantor manifolds [17, 4.6]. Since n  2, 2n  n + 2. Hence, the result follows from
Theorem 3.9. ✷
Theorem 3.11. Let X be a continuum and let n  2 be an integer. Then, any 2-cell in
HSn(X) is nowhere dense.
Proof. This follows from the fact the same result for Cn(X) is true [17, 3.5]. ✷
4. Aposyndesis
In this section we show that HSn(X) is finitely aposyndetic for any positive integer n.
A continuum is said to be colocally connected, provided that each point of it has a local
base of open sets whose complements are connected. The continuum X is aposyndetic
provided that for each pair of points x and y of X, there exists a subcontinuum W of X
such that x ∈ IntX(W) ⊂ W ⊂ X \ {y}. X is finitely aposyndetic provided that for each
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finite subset F of X and point x of X not in F , there exists a subcontinuum W of X such
that x ∈ IntX(W)⊂W ⊂X \F .
Theorem 4.1 [20, (2.2)]. Let X a continuum. Then, HSn(X) has property (b) for each
positive integer n.
Proof. The theorem follows from the following facts: (1) Cn(X) has property (b) (for n= 1
see [18, Theorem 3], for n  2 see [15, 4.8]); (2) the map qnX is monotone; and (3) a
monotone image of a continuum satisfying property (b) has property (b) [13, Theorem 2,
p. 434]. ✷
Theorem 4.2 [7, 4.1]. Let X be a continuum. Then, HSn(X) is colocally connected for
each positive integer n.
Proof. Let n 2 be an integer. Let A ∈ HSn(X). We consider three cases.
Case 1. A= FnX .
For each ε > 0, let Uε = VHε (Fn(X)). Then, {qnX(Uε) | ε > 0} forms a base of open sets
about FnX .
Fix ε > 0. Let B ∈ HSn(X) \ qnX(Uε). Then, (qnX)−1(B) ∈ Cn(X) \ Uε . Let β : [0,1]→
Cn(X) be an order arc such that β(0) = B and β(1) = X [19, (1.8)]. Then, β([0,1]) ⊂
Cn(X)\Uε . Hence, qnX ◦β : [0,1]→HSn(X) is an arc such that qnX ◦β(0)= B , qnX ◦β(1)=
qX(X) and qnX ◦ β([0,1])⊂ HSn(X) \ qnX(Uε).
Case 2. A= qnX(X).
For each ε > 0, let Wε = VHε (X). Then, {qnX(Wε) | ε > 0} forms a base of open sets
about qnX(X).
Fix ε > 0. Let C ∈ HSn(X) \ qnX(Wε). Then, (qnX)−1(C) ∈ Cn(X) \ Wε . Let G ∈
Fn((qnX)−1(C)) be such that there is an order arc γ : [0,1]→ Cn(X) such that γ (0)= G
and γ (1)= (qnX)−1(C) [19, (1.8)]. Then, γ ([0,1])⊂ Cn(X)\Wε . Hence, qnX ◦γ : [0,1]→
HSn(X) is an arc such that qnX ◦ γ (0) = FnX , qnX ◦ γ (1) = C and qnX ◦ γ ([0,1]) ⊂
HSn(X) \ qnX(Wε).
Case 3. A ∈ HSn(X) \ {qnX(X),FnX}.
For each ε > 0, let Tε = VHε ((qnX)−1(A)). Then, {qnX(Tε) | ε > 0} forms a base of open
sets about A.
Fix ε > 0 such that qnX(Tε) ∩ {qnX(X),FnX} = ∅. Let E ∈ HSn(X) \ qnX(Tε). If
(qnX)
−1(E) ⊂ (qnX)−1(A), then let α : [0,1] → Cn(X) be an order arc such that α(0) =
(qnX)
−1(E) and α(1) = X. Then, α([0,1]) ⊂ Cn(X) \ VHε ((qnX)−1(A)). Hence, qnX ◦
α : [0,1] → HSn(X) is an arc such that qnX ◦ α(0) = E, qnX ◦ α(1) = qnX(X) and qnX ◦
α([0,1])⊂ HS(X) \ qX(Tε).
Suppose (qnX)−1(E) ⊂ (qnX)−1(A). Let J ∈ Fn((qnX)−1(E)) be such that there is an
order arc κ : [0,1]→ Cn(X) such that κ(0)= J and κ(1)= (qnX)−1(E) [19, (1.8)]. Then,
κ([0,1])⊂ Cn(X) \ VHε ((qnX)−1(A)). Hence, qnX ◦ κ : [0,1]→ HSn(X) is an arc such that
qnX ◦ κ(0)= FnX , qnX ◦ κ(1)=E and qnX ◦ κ([0,1])⊂ HSn(X) \ qX(Tε). ✷
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Clearly, colocal connectedness implies aposyndesis. Hence, we have the following
result as a consequence of Theorem 4.2:
Corollary 4.3. Let X be a continuum. Then, HSn(X) is aposyndetic for each positive
integer n.
A continuum X is unicoherent provided that if X = A ∪ B , where A and B are
subcontinua of X, then A∩B is connected.
Corollary 4.4 [7, 4.3]. Let X be a continuum. Then, HSn(X) is finitely aposyndetic for
each positive integer n.
Proof. Since HSn(X) has property (b) (Theorem 4.1), HSn(X) is unicoherent [10, 19.7].
Any aposyndetic unicoherent continuum is finitely aposyndetic [1, Corollary 1]. ✷
5. Local connectedness
In this section we present results about the n-fold hyperspace suspension of locally
connected continua.
Lemma 5.1. Let X be a continuum and let n be a positive integer. If Cn(X) \ Fn(X) is
locally connected, then X is locally connected.
Proof. For n = 1 the result is known [19, (1.208.2)]. Hence, assume, n  2. Let x be
a point in X and let U be an open set of X such that x ∈ U . Thus, there exists a
nondegenerate subcontinuum A of X such that x ∈ A ⊂ U . Note that A ∈ 〈U〉. In fact,
A ∈ 〈U〉 \Fn(X). Since Cn(X)\Fn(X) is locally connected, there exists a connected open
set W of Cn(X) \Fn(X) such that A ∈W ⊂ ClCn(X)(W)⊂ 〈U〉 \Fn(X) (it is not difficult
to see that the closure may be taken in Cn(X)). Let ε > 0 be such that VHε (A)∩Cn(X)⊂W .
LetK =⋃ClCn(X)(W). Then,K is a subcontinuum of X [19, (1.49)]. Let y ∈ Vdε (x). Note
that B = A∪ {y} ∈ VHε (A)∩ Cn(X)⊂W and y ∈K . Then, x ∈ IntX(K)⊂U . Therefore,
X is connected im kleinen at x . Thus, since x was an arbitrary point of X, X is connected
im kleinen at each of its points. Therefore, X is locally connected [8, Theorem 3–11]. ✷
Theorem 5.2. A continuum X is locally connected if and only if HSn(X) is locally
connected for any positive integer n.
Proof. If X is locally connected, then Cn(X) is locally connected (for n = 1 see [19,
(1.92)], for n  2 see [15, 3.2]). Thus, since HSn(X) = qnX(Cn(X)), HSn(X) is locally
connected [13, Theorem 5, p. 257].
If HSn(X) is locally connected, then HSn(X) \ {FnX} is locally connected [13,
Theorem 3, p. 230]. Since qnX|Cn(X)\Fn(X) :Cn(X) \ Fn(X) → HSn(X) \ {FnX} is a
homeomorphism, we have that Cn(X) \ Fn(X) is locally connected. Therefore, by
Lemma 5.1, X is locally connected. ✷
132 S. Macías / Topology and its Applications 138 (2004) 125–138
Theorem 5.3 [7, 5.4]. If X is a contractible locally connected continuum without free arcs,
then HSn(X) is homeomorphic to Q. In particular, HSn(X) is homeomorphic to Cn(X).
Proof. Let n be a positive integer. Since X is a locally connected continuum without free
arcs, Cn(X) is homeomorphic to the Hilbert cube Q (for n = 1 see [6, 4.1]. Since X is
contractible, Fn(X) is contractible [9, 2.3]. Hence, Fn(X) has the shape of a point in the
sense of Borsuk) [2, 5.5, p. 28]. Thus, Cn(X)\Fn(X) is homeomorphic toQ\{p} for some
point p ∈Q [4, 25.2]. Since Cn(X) \Fn(X) is homeomorphic to HSn(X) \ {FnX}, we have
that Q \ {p} is homeomorphic to HSn(X) \ {FnX}. Therefore, HSn(X) is homeomorphic
to Q [3, 2.23]. ✷
Corollary 5.4. The n-fold hyperspace suspension of the Hilbert cube is homeomorphic to
the Hilbert cube for each positive integer n.
In [7, 8.7] is was shown that hereditarily indecomposable continua have unique hyper-
space suspension. In the following two theorems, we show that [0,1] and S1 also have
unique hyperspace suspension.
Theorem 5.5. If X is a continuum such that HS(X) is homeomorphic to HS([0,1]), then
X is homeomorphic to [0,1].
Proof. Since HS(X) is homeomorphic to HS([0,1]), we have that HS(X) is embeddable
in R2. Hence, X is homeomorphic to [0,1] [7, 5.2]. ✷
Theorem 5.6. If X is a continuum such that HS(X) is homeomorphic to HS(S1), then X
is homeomorphic to S1.
Proof. Since HS(X) is homeomorphic to HS(S1), we have that HS(X) is homogeneous
and finite-dimensional. Thus, X is homeomorphic to S1 [7, 5.6]. ✷
Given a continuum X and an integer n greater than one, a simple n-od in X is the union
of n arcs emanating from a single point, v, and otherwise disjoint from one another.
Theorem 5.7. Let n an integer greater than one. If X is a continuum such that HSn(X) is
homeomorphic to either HSn([0,1]) or HSn(S1), then X is homeomorphic to either [0,1]
or S1.
Proof. Suppose HSn(X) is homeomorphic to HSn([0,1]), the other case is similar.
Since HSn(X) is homeomorphic to HSn([0,1]), X is locally connected (Theorem 5.2).
Since dim(Cn([0,1])) = 2n [16, 5.3], we have that dim(HSn(X)) = 2n (Theorem 3.6).
(dim(Cn(S1))= 2n by [16, 5.6].) It is easy to see that X does not contain simple 3-ods (if
X contains a 3-od, then, using an argument similar to the one given in the proof of [15, 3.5]
and the fact that Cn(X) \Fn(X) and HSn(X) \ {FnX} are homeomorphic, we can construct
a k-cell in HSn(X) with k > 2n). Thus, X is homeomorphic to either [0,1] of S1 [21,
8.40(b)]. ✷
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6. Arc disconnectingIn this section we consider indecomposable continua X and show that if we remove the
set {qnX(X),FnX} from HSn(X) it becomes arcwise disconnected and vice versa. We study
the arc components of HSn(X) \ {qnX(X),FnX}.
Lemma 6.1 [15, 6.3]. If X is a decomposable continuum, then Cn(X) \ ({X} ∪Fn(X)) is
arcwise connected.
Proof. Since X is decomposable, there exist two nondegenerate proper subcontinua H
and K of X such that X =H ∪K . Without loss of generality, we assume that H ∩K has
a nondegenerate component, say L.
The proof is done by induction over n. The result is known for n = 1 (see [7,
3.4]). Suppose n = 2. Let A ∈ C2(X) \ ({X} ∪ F2(X)). We show there exists an arc
in C2(X) \ ({X} ∪ F2(X)) from A to an element of C(X) \ ({X} ∪ F1(X)). Hence, we
assume that A is not connected. Let A1 and A2 be the components of A and assume A1 is
nondegenerate.
If either A ⊂ H or A ⊂ K , then there is an order arc joining A with either H or K ,
respectively [19, (1.8)].
If A2 = K , then A1 ⊂ H . Let α1 : [0,1] → C2(X) be an order arc such that α1(0) =
A1∪L and α1(1)=A1∪K =A. Let β1 : [0,1]→ C2(X) be an order arc such that β1(0)=
A1∪L and β1(1)=H . Then, α1([0,1])∪β1([0,1]) is contained in C2(X)\ ({X}∪F2(X))
and contains an arc joining A with H .
If A1 ⊂ H , A2 ∩ (H ∩K) = ∅ and A2 = K , then H ∪ A2 is a proper subcontinuum
of X. Note that there exists an order arc from A to H ∪A2.
Suppose Aj ∩ (H ∩K) = ∅, j ∈ {1,2}. Let aj ∈ Aj ∩H . Let D1 be a nondegenerate
proper subcontinuum of A1 containing a1 [21, 5.5]. Note that D1 ∪ H is a proper
subcontinuum of X. Let α2 : [0,1] → C2(X) be an order arc such that α2(0)=D1 ∪ {a2}
and α2(1)= A. Now, let β2 : [0,1]→ C2(X) be an order arc such that β2(0)=D1 ∪ {a2}
and β2(1)=D1 ∪H . Hence, α2([0,1])∪β2([0,1]) is contained in C2(X) \ ({X} ∪F2(X))
and contains an arc joining A with D1 ∪H .
Suppose A1 ⊂ H \K and A2 ⊂ K \H . Let α3 : [0,1] → C2(X) be an order arc such
that α3(0)=A and α3(1)=H ∪A2. Now, let β3 : [0,1]→ C2(X) be an order arc such that
β3(0) = L ∪ A2 and β3(1) = H ∪ A2. Next, let γ3 : [0,1] → C2(X) be an order arc such
that γ3(0)= L∪A2 and γ3(1)=K . Thus, α3([0,1])∪ β3([0,1])∪ γ3([0,1]) is contained
in C2(X) \ ({X} ∪F2(X)) and contains an arc joining A with K .
The rest of the cases are treated similarly.
Now, let n 3 and assume that Cn(X) \ ({X} ∪Fn(X)) is arcwise connected. We show
that Cn+1(X) \ ({X} ∪ Fn+1(X)) is also arcwise connected. Let A ∈ Cn+1(X) \ ({X} ∪
Fn+1(X)). We show there exists an arc in Cn+1(X) \ ({X} ∪ Fn+1(X)) joining A with
an element of Cn(X) \ ({X} ∪ Fn(X)). Hence, suppose A has n + 1 components, say
A1, . . . ,An+1, and assume A1 is nondegenerate. For each j ∈ {2, . . . , n+ 1}, let aj ∈Aj .
Suppose A1 =K . Let x ∈A1 ∩H , and let D′1 be a nondegenerate proper subcontinuum
of A1 containing x [21, 5.5]. Note that D′1 ∪ H is a proper subcontinuum of X.
Let α4 : [0,1] → Cn+1(X) be an order arc such that α4(0) = D′1 ∪ {a2, . . . , an+1} and
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α4(1)=A. Now, let β4 : [0,1] → Cn+1(X) be an order arc such that β4(0) = D′ ∪1{a2, . . . , an+1} and β4(1) = D′1 ∪ H . Hence, α4([0,1]) ∪ β4([0,1]) is contained inCn+1(X) \ ({X} ∪Fn+1(X)) and contains an arc joining A with D′1 ∪H .
Suppose A1 ⊂ K , A1 = K and A \ A1 ⊂ H . Let α5 : [0,1] :Cn+1(X) be an order arc
such that α5(0) = A1 ∪ {a2, . . . , an+1} and α5(1) = A. Now, let β5 : [0,1] → Cn+1(X)
be an order arc such that β5(0) = A1 ∪ {a2, . . . , an+1} and β5(1) = A1 ∪ H . Note
that A1 ∪ H ∈ Cn(X) \ ({X} ∪ Fn(X)). Thus, α5([0,1]) ∪ β5([0,1]) is contained in
Cn+1(X) \ ({X} ∪Fn+1(X)) and contains an arc joining A with A1 ∪H .
Suppose A1 ∩ (H ∩ K) = ∅, A1 = H and A1 = K . Without loss of generality, we
assume that a2 ∈ H . Let α6 : [0,1] → Cn+1(X) be an order arc such that α6(0) = A1 ∪
{a2, . . . , an+1} and α6(1) = A. Now, let β6 : [0,1] → Cn+1(X) be an order arc such that
β6(0)=A1∪{a2} and β6(1)=A1∪H . Next, let γ6 : [0,1]→ Cn+1(X) be given by γ6(t)=
β6(t)∪ {a3, . . . , an+1}. Then, γ6 is an order arc such that γ6(0)=A1 ∪ {a2, . . . , an+1} and
γ6(1) = A1 ∪ {a3, . . . , an+1} ∪ H . Note that A1 ∪ {a3, . . . , an+1} ∪ H ∈ Cn(X) \ ({X} ∪
Fn(X)). Hence, α6([0,1]) ∪ γ6([0,1]) is contained in Cn+1(X) \ ({X} ∪ Fn+1(X)) and
contains an arc joining A with A1 ∪ {a3, . . . , an+1} ∪H .
The rest of the cases is treated similarly. ✷
Theorem 6.2. Let n be a positive integer. A continuum X is indecomposable if and only if
HSn(X) \ {qnX(X),FnX} is not arcwise connected.
Proof. Suppose X is an indecomposable continuum. Then, Cn(X) \ {X} is not arcwise
connected [15, 6.3]. Hence, there are two points A and B in two different arc components
of Cn(X) \ {X}. Thus, any arc in HSn(X) \ {qnX(X)} joining qnX(A) and qnX(B) must
contain FnX . Therefore, q
n
X(A) and q
n
X(B) belong to two different arc components of
HSn(X) \ {qnX(X),FnX}.
Now, suppose X is a decomposable continuum. By Lemma 6.1, Cn(X) \ ({X} ∪Fn(X))
is arcwise connected. Since Cn(X) \ ({X} ∪ Fn(X)) is homeomorphic to HSn(X) \
{qnX(X),FnX}. HSn(X) \ {qnX(X),FnX} is arcwise connected. ✷
Lemma 6.3. Let X be an indecomposable continuum and let n be a positive integer.
If A is an arc component of Cn(X) \ {X}, then A \ Fn(X) is an arc component of
Cn(X) \ ({X} ∪Fn(X)).
Proof. By [15, 6.2], no element of Fn(X) arcwise disconnects Cn(X). Thus, A \ Fn(X)
is arcwise connected. Let B be the arc component of Cn(X) \ ({X} ∪ Fn(X)) containing
A \ Fn(X). Note that B is an arcwise connected subset of Cn(X) \ {X} and B ∩A = ∅.
Hence, B ⊂A, and B =A \Fn(X). ✷
Theorem 6.4. Let X be an indecomposable continuum and let n be a positive integer. If
A is an arc component of HSn(X), then either A is homeomorphic to Cn(κ) \ Fn(κ) for
some composant κ of X, or there exist finitely many composants κ1, . . . , κ+ of X and +
positive integers m1, . . . ,m+ such that there exists a one-to-one map from
∏+
j=1 Cmj (κj ) \∏+
j=1Fmj (κj ) onto A.
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Proof. Let κ be a composant of X. By [16, 3.9], Cn(κ) is an arc component of Cn(X)\{X}.
By Theorem 6.4, Cn(κ) \Fn(κ)= Cn(κ) \Fn(X) is an arc component of Cn(X) \ ({X} ∪
Fn(X)). Hence, qnX(Cn(κ) \Fn(κ)) is an arc component of HSn(X) \ {qnX(X),FnX}.
Now, suppose A is not homeomorphic to Cn(κ) \ Fn(κ) for any composant κ of X.
Let B be the arc component of Cn(X) \ {X} containing (qnX)−1(A). Note that B \
Fn(X) = (qnX)−1(A). Hence, (qnX)−1(A) is an arc component of Cn(X) \ ({X} ∪ Fn(X))
(Lemma 6.3). By [16, 3.10], there exist finitely many composants κ1, . . . , κ+ of X, +
positive integers m1, . . . ,m+ and a one-to-one map f from
∏+
j=1 Cmj (κj ) onto B. Let g =
f |
(
∏+
j=1 Cmj (κj )\
∏+
j=1Fmj (κj )). Then, g is continuous, one-to-one and its image is contained
in B \Fn(X). To see g is onto, let A be an element of B \Fn(X). Then, A has at least one
nondegenerate component. Thus, (A ∩ κ1, . . . ,A ∩ κ+) ∈∏+j=1 Cmj (κj ) \∏+j=1Fmj (κj )
and g((A ∩ κ1, . . . ,A ∩ κ+)) = A (see proof of [16, 3.10]). Therefore, h = qnX ◦ g is the
desired map. ✷
7. Suspensions
The cone over a compactum Y , denoted by Cone(Y ), is the quotient space (Y ×I)/(Y ×
{1}) obtained from the Cartesian product Y × I by shrinking Y ×{1} to a point v called the
vertex of the cone [21, p. 41]. The base of Cone(Y ) is {(y,0) | y ∈ Y }, which we denote
by B(Y ). The suspension over a compactum Y , denoted by Σ(Y), is obtained from the
Cone(Y ) by shrinking B(Y ) to a point v2 called a vertex of the suspension [21, p. 42]. The
other vertex, v1, of the suspension of Y , is the image of v under the quotient map. The
symbol π denotes the projection map π :Σ(Y) \ {v1, v2} Y given by π((y, t))= y .
It is easy to see that HS([0,1]) and HS(S1) are homeomorphic to Σ([0,1]) and Σ(S1),
respectively. It is natural to ask if given a continuum X, HSn(X) is homeomorphic to
Σ(X), for some positive integer n. We show that the answer is negative for any integer
n 2 (Theorem 7.1).
In this section, we denote C1(X) by C(X), as it is done in the literature.
Theorem 7.1 [17, 3.2]. Let X be a finite-dimensional continuum. Then, for each integer
n 2, HSn(X) is not homeomorphic to Σ(X).
Proof. Let n 2 be an integer, and suppose HSn(X) is homeomorphic to Σ(X). Since X
is of finite dimension, Σ(X) is of finite dimension, too. In fact, dim(Σ(X))= dim(X)+ 1
[22, 20.10 and 7.4]. Since C(X) ⊂ Cn(X), dim(Cn(X)) = dim(HSn(X)) (Theorem 3.6)
and HSn(X) is homeomorphic to Σ(X), we have that dim(C(X)) < ∞. Hence, by
the dimension theorem, dim(X) = 1 [14, Theorem 2.1]. Thus, dim(Σ(X)) = 2, and
dim(HSn(X))= 2. Therefore, since HSn(X) contains an n-cell (Theorem 3.7), n= 2. We
consider two cases.
Case 1. X contains a proper decomposable continuum. Then, with an argument similar
to the one given in the proof of 3.5 of [15], it is easy to show that HS2(X) contains a 3-cell,
a contradiction to the fact that dim(HS2(X))= 2.
136 S. Macías / Topology and its Applications 138 (2004) 125–138
Case 2. All proper subcontinua of X are indecomposable. Then, X is hereditarily
indecomposable [17, 3.1]. Hence, it is easy to see that Σ(X) does not contain 2-cells.
On the other hand, HS2(X) contains 2-cells (Theorem 3.7).
Therefore, HSn(X) is not homeomorphic to Σ(X). ✷
The following lemma is easy to establish:
Lemma 7.2. Let X be a continuum. If x1, x2 ∈Σ(X) are such that {x1, x2} = {v1, v2}, then
Σ(X) \ {x1, x2} has at most two arc components. Hence, {v1, v2} is the only set of points
such that Σ(X) \ {v1, v2} may have more than two arc components.
Theorem 7.3 [17, 3.3]. Let X be a continuum and let n 2 be an integer. If Z is a finite-
dimensional continuum such that Σ(Z) is homeomorphic to HSn(X), then dim(X) = 1
and X contains at most one nondegenerate indecomposable continuum. Hence, X is not
hereditarily indecomposable.
Proof. Let n 2 be an integer. Let h : HSn(X)→Σ(Z) be a homeomorphism. The proof
of the fact that dim(X)= 1 is similar to the one given in Theorem 7.1.
Suppose X has two nondegenerate indecomposable continua, A and B . Then, C(X) \
{A} and C(X) \ {B} have infinitely many arc components [19, (v), p. 312]. Thus, Cn(X) \
{A} and Cn(X) \ {B} have infinitely many arc components ([8, Theorem 3–46], [19, (v),
p. 312], [15, 6.6] and [16, 3.9]). Then, HSn(X) \ {qnX(A),FnX} and HSn(X) \ {qnX(B),FnX}
have infinitely many arc components. Hence, Σ(X) \ {h(qnX(A)),h(FnX)} and Σ(X) \{h(qnX(B)),h(FnX)} have infinitely many arc components. This contradicts Lemma 7.2.
Therefore, X contains at most one indecomposable subcontinuum. ✷
Given a continuum X, a subcontinuum A of X is said to be terminal in X provided that
if Y is a subcontinuum of X such that Y ∩A = ∅, then either Y ⊂A or A⊂ Y .
Theorem 7.4 [17, 3.6]. Let X be a continuum containing an indecomposable subcontin-
uum A. Let n  2 be an integer, and let Z be a finite-dimensional continuum such that
Σ(Z) is homeomorphic to HSn(X). If h : HSn(X)Σ(Z) is a homeomorphism, then
(1) h({qnX(A),FnX})= {v1, v2};
(2) Z has uncountably many arc components. In particular, Z is not locally connected;
(3) dim(HSn(X)) 2n and dim(Z) 2n− 1;
(4) Each point of Z is contained in an arc in Z and some points of Z belong to locally
connected subcontinua of Z whose dimension is at least 2n− 1;
(5) If (z, t) and (z′, t ′) are two points of Σ(Z) such that {(z, t), (z′, t ′)} = {v1, v2}, then
Σ(Z) \ {(z, t), (z′, t ′)} is arcwise connected;
(6) If A=X, then X does not contain a nondegenerate proper terminal subcontinuum.
Proof. (1) This is a consequence of the proof of Theorem 7.3.
(2) Since A has uncountably many composants [8, Theorem 3–46], using Theorem 6.4
and (1), it can be seen that HSn(X) \ {qnX(A),FnX} has uncountably many arc components.
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Since h({qn (A),F n}) = {v1, v2} (by (1)), Σ(Z) \ {v1, v2} has uncountably many arcX X
components. Thus, since Σ(Z) \ {v1, v2} is homeomorphic to Z × (0,1), we conclude
that Z has uncountably many arc components.
(3) By Theorem 7.3, each subcontinuum of X, distinct from A, is decomposable.
Thus, X contains a 2n-cell (by Theorem 3.8). Hence, dim(HSn(X))  2n. Since Σ(Z)
is homeomorphic to HSn(X) and dim(Σ(Z))= dim(Z)+ 1 [22, 20.10 and 7.4], we have
that dim(Z) 2n− 1.
(4) Let z be a point of Z. We consider two cases.
First, suppose there exists t0 ∈ (0,1) such that (qnX)−1(h−1((z, t0))) ∈ Cn(X)\C(X). Let
B = (qnX)−1(h−1((z, t0))), and let B1, . . . ,Bk be the components of B , where 2 k  n.
Note that, at least one Bj is nondegenerate. By [21, 5.5], for each j ∈ {1, . . . , k}, there
exists a subcontinuum Cj of X containing Bj properly. We assume without loss of
generality that Cj ∩C+ = ∅ if j = +.
For each j ∈ {1, . . . , k}, let αj : [0,1] → C(X) be an order arc [19, (1.8)] such that
αj (0)= Bj and αj (1)= Cj . Let α : [0,1]k → Cn(X)\Fn(X) be given by α((t1, . . . , tk))=⋃k
j=1 αj (tj ). Let D = α([0,1]k). Then, D is a k-cell such that B ∈ D, A /∈ D and
D ∩ Fn(X) = ∅. Thus, h(qnX(D)) is a k-cell containing the point (z, t0) and such that
h(qnX(D)) ∩ {v1, v2} = ∅. Hence, π(h(qnX(D))) is a locally connected subcontinuum of Z
containing z; since k  2, π(h(qnX(D))) is nondegenerate. Thus, z is contained in an arc
by [21, 8.23].
Next, suppose that (qnX)
−1(h−1((z, t))) ∈ C(X) for each t ∈ (0,1). Since h({qnX(A),
FnX}) = {v1, v2}, there exists t ′ ∈ (0,1) such that (qnX)−1(h−1((z, t ′))) = A. Let E =
(qnX)
−1(h−1((z, t ′))). Since E = A, and E is nondegenerate, E is a decomposable
continuum (by Theorem 7.3). Hence, there are two proper subcontinua H and K of E
such that E =H ∪K .
Suppose, first, thatA is not contained in E. Let x1 ∈H \K and x2 ∈K \H . By [21, 5.5],
for each j ∈ {1,2}, there exists a subcontinuum Gj of E such that x1 ∈G1 ⊂H \K and
x2 ∈G2 ⊂K \H . Let βj : [0,1]→ C(X) be an order arc such that βj (0)=Gj , β1(1)=H
and β1(1) = K . Let β : [0,1]2 → Cn(X) be given by β((t1, t2)) = β1(t1) ∪ β2(t2). Let
G = β([0,1]2). Then, G is a locally connected subcontinuum of Cn(X) \ Fn(X) such
that G contains a 2-cell and such that E ∈ G and A /∈ G. Thus h(qnX(G)) is a locally
connected subcontinuum of Σ(Z) containing a 2-cell, such that (z, t ′) ∈ h(qnX(G)) and
{v1, v2} ∩ h(qnX(G)) = ∅. Hence, π(h(qnX(G))) is a nondegenerate locally connected
subcontinuum of Z containing z. Thus, z is contained in an arc by [21, 8.23].
Suppose next, A is contained in E. Since A is indecomposable, E = A; hence, there
exists a point x1 ∈ E \ A. Suppose x1 ∈ H . Choose a point x2 ∈ K \ {x2}. Then, choose
a subcontinuum G1 such that x1 ∈ G1 ⊂ H \ A [21, 5.5] and repeat the argument in
the preceding paragraph with G2 = {x2} to construct a nondegenerate locally connected
subcontinuum of Z containing z.
This completes the proof of the first part of (4). We prove the second part of (4) as
follows:
By Theorem 3.8, there exists a 2n-cell E in HSn(X). We may choose E such that
qnX(A) /∈ E . Let B ∈ E . Then, h(E) is a 2n-cell such that h(B) ∈ h(E). Hence, π(h(E)) is
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a locally connected subcontinuum of Z containing π(h(B)), and dim(π(h(E))) 2n− 1
(by [22, 20.10] since π(h(E))× (0,1) contains h(E) and, thus, has dimension at least 2n).
(5) By (4), each point of Σ(Z) lies in the suspension over an arc. Hence, (5) follows
easily.
(6) This is a consequence of Theorem 7.3, (5) and [15, 6.4]. ✷
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